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The elastic analysis of interfacial stresses in plated beams has been the subject of several investigations.
These studies provided both ﬁrst-order and higher-order solutions for the distributions of interfacial
shear and normal stresses close to the plate end in the elastic range. The notable attention devoted to this
topic was driven by the need to develop predictive models for plate end debonding mechanisms, as the
early models of this type adopted debonding criteria based on interfacial stresses. Currently, approaches
based on fracture mechanics are becoming increasingly established. Cohesive zone modeling bridges the
gap between the stress- and energy-based approaches. While several cohesive zone analyses of bonded
joints subjected to mode-II loading are available, limited studies have been conducted on cohesive zone
modeling of interfacial stresses in plated beams. Moreover, the few available studies present complex for-
mulations for which no closed-form solutions can be found. This paper presents an analytical cohesive
zone model for the determination of interfacial stresses in plated beams. A ﬁrst-order analysis is con-
ducted, leading to closed-form solutions for the interfacial shear stresses. The mode-II cohesive law is
taken as bilinear, as this simple shape is able to capture the essential properties of the interface. A
closed-form expression for the debonding load is proposed, and the comparison between cohesive zone
modeling and linear-elastic fracture mechanics predictions is discussed. Analytical predictions are also
compared with results of a numerical ﬁnite element model where the interface is described with zero-
thickness contact elements, using the node-to-segment strategy and incorporating decohesion and con-
tact within a uniﬁed framework.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Plate bonding is one of the most effective and cost-efﬁcient
techniques to increase the load-bearing capacity and/or the stiff-
ness of existing beams. This technique has been widely used to
strengthen beams made of reinforced concrete (RC) or other mate-
rials such as wood, iron or steel. In the traditional ‘‘beton plaqué”
technique, used since the late 1960s (L’Hermite and Bresson,
1967), the externally bonded plate was made of steel. In recent
years, the use of externally bonded ﬁbre-reinforced polymer
(FRP) thin sofﬁt plates has become increasingly popular, due to
the favourable mechanical and durability properties of FRP com-
posites. Regardless of the material used, the effectiveness of the
plate bonding technique is strongly affected by the performance
of the bond between the strengthening plate and the beam sub-
strate, which has thus been the subject of many studies. In plated
beams, several failure mechanisms related to debonding of the
plate from the substrate have been identiﬁed by previous research-
ers (Smith and Teng, 2002a,b). Due to the brittle and unstable char-
acter of such failures, their prediction has been addressed byll rights reserved.
: +39 0832 325362.
e Lorenzis).several investigations. In particular, this paper focuses on the so-
called plate end debonding mechanism, whereby failure occurs
by the formation and rapid growth of an interfacial crack starting
from the termination of the plate.
Debonding failures starting from the plate end depend largely
on the concentration of interfacial shear and normal stresses be-
tween the beam and the bonded plate in the vicinity of the plate
end. The determination of these interfacial stresses in the elastic
range has thus been extensively studied. In particular, several rel-
atively simple approximate closed-form solutions for the interfa-
cial stresses have been developed. The early work used the
shear-lag type approach, whereby only the shear stresses were
studied and the transverse normal stresses were neglected. To take
these stresses into consideration, deformation compatibility-based
approaches featuring various degrees of complexity were intro-
duced (e.g., Vilnay, 1988, Roberts and Haji-Kazemi, 1989, Taljsten,
1997, Malek et al., 1998). Most of these approaches were reviewed
by Smith and Teng (2001), and the same authors also proposed an
original solution. In ﬁrst-order solutions, both shear and normal
interfacial stresses are assumed uniform over the thickness of the
adhesive layer, which leads to the violation of the shear stress-free
condition at the plate ends. A higher-order solution in which the
adhesive is treated as a 2D medium was proposed by Rabinovitch
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tion is satisﬁed. A similar higher-order solution was developed by
Shen et al. (2001) using the complementary energy method. Addi-
tional interfacial stress analyses have also been published more re-
cently (e.g. Yang et al., 2004, Deng et al., 2004, Yang and Wu, 2005,
Stratford and Cadei, 2006, Yang et al., 2008). The analysis was also
extended by De Lorenzis et al. (2006) to the case of curved beams.
The aforementioned models constitute the basis for plate end
debonding models adopting stress-based failure criteria. However,
in the most recent studies on plate end debonding, fracture
mechanics based approaches are becoming increasingly estab-
lished. In particular, linear elastic fracture mechanics (LEFM) sim-
ulations of the crack growth process have been widely used. In
this case, the model assumes a given crack length and estimates
the elastic energy release rate. This is then compared to the frac-
ture energy of the relevant material or interface, in order to evalu-
ate the stability of the interfacial crack. Thus, LEFM models include
a stress analysis phase and a fracture analysis phase. The process is
repeated for different crack lengths to provide the full-range re-
sponse of the structure during debonding. The various LEFM deb-
onding analyses of plated beams mainly differ in the approaches
adopted for the stress analysis and the fracture analysis phases
(Rabinovitch, 2008). For example, Yang et al. (2006) adopted the ﬁ-
nite element and the virtual crack extension methods for the two
phases, respectively. Analytical expressions that are based on di-
rect differentiation of the total potential energy were developed
by Au and Buyukozturk (2006). Greco et al. (2007) used a layered
shear deformation model for the stress analysis and the virtual
crack closure method for the assessment of the energy release rate.
Rabinovitch and Frostig (2001) proposed an approach where the
higher-order theory is used for the stress analysis of the plated
beam, and the J-integral formulation is adopted for the evaluation
of the energy release rate. In the attempt to simplify the formula-
tion, Rabinovitch (2004) adopted the virtual crack extension meth-
od coupled with different stress analysis models, including a two-
and a one-parameter elastic foundation models for the evaluation
of the interfacial stresses between the plate and the substrate. He
also used an equivalent beam model, and the ﬁnite element anal-
ysis. By comparing results with those obtained from the applica-
tion of the higher-order theory, the author showed that the
virtual crack extension method using the stress results of the elas-
tic foundation models provides an acceptable estimate of the en-
ergy release rate. De Lorenzis et al. (in press) proposed a simple
LEFM approach for the prediction of plate end debonding. They de-
rived closed-form equations to estimate the critical load for the on-
set of debonding.
One of the most widely used methods for the analysis of deb-
onding mechanisms is the cohesive zone (CZ) modeling approach,
which bridges the gap between the stress- and energy-based ap-
proaches. The concept of CZ model was proposed by Barenblatt
(1959) and Dugdale (1960) as an alternative approach to singular-
ity driven fracture mechanics. Since then, CZ modeling has been
widely used to simulate fracture under static, dynamic, and cyclic
loading conditions for a number of materials and bimaterial sys-
tems. E.g. it has been applied to model delamination of layered
composites, and to describe the macroscopic constitutive behavior
of thin adhesive layers. In a CZ model, the interfacial normal and
tangential stresses are non-linearly connected to the normal
(mode-I) and tangential (mode-II) relative displacements across
the interface. As the cohesive interface gradually separates, the
magnitude of the interfacial stresses at ﬁrst increases, reaches a
maximum, and then decreases with increasing separation, ﬁnally
approaching zero (Xu and Needleman, 1994). Thus, depending on
the level of the interfacial relative displacements, the cohesive
interface represents the entire spectrum of behavior ranging from
perfect bonding to complete separation. The main advantage ofthis approach is the implementation of the crack nucleation and
growth mechanisms in the stress analysis procedure.
The cohesive interface approach was extensively used for the
study of bond between FRP and concrete under mode-II conditions
(Holzenkämpfer, 1994, Taljsten, 1996, Chen and Teng, 2001, Yuan
et al., 2004, Dai et al., 2005, Lu et al., 2005, Ferracuti et al., 2006).
Several authors developed mode-II CZ models which were cali-
brated on experimental data and/or ﬁnite element analyses. These
relationships were then implemented in the numerical analysis of
the debonding process in various test setups. Yuan et al. (2004) and
Teng et al. (2006) used a mode-II CZ modeling approach for the
simulation of a pull-out test and for the analysis of the debonding
process in the region between two adjacent cracks, respectively.
The use of a bilinear mode-II CZ model was also incorporated in
the technical report on the design and use of externally bonded
FRP reinforcement for RC structures issued by FIB (2001). De Loren-
zis and Zavarise (2008) used independent mode-I and mode-II CZ
models, coupled with a mixed-mode fracture criterion, to study
debonding of an FRP strip from its substrate in the peel test conﬁg-
uration, i.e. under inclined loading. De Lorenzis and Zavarise (2009)
applied the CZ modeling approach to bond between an FRP strip
and a substrate with simple constant curvature. Implementation
of CZ models in the analysis of concrete beams strengthened with
FRP plates is discussed in Wang (2006a,b), Niu and Wu (2005), and
in some of the papers collected by Chen and Teng (2005).
Surprisingly, relatively little attention has been devoted to CZ
modeling of plate end debonding in plated beams. As a result,
the stress-based and fracture-based approaches brieﬂy outlined
earlier have been kept separate in most studies. Carpinteri et al.
(2007) used 3D ﬁnite element modeling to analyze plate end deb-
onding in beams with non-rectangular cross-section, assuming a
linear behavior for the materials and a non-linear interfacial cohe-
sive law for the plate-substrate interface. Their results show that,
when the bending stiffness of the plated beam is considerably
higher than that of the unplated beam, snap-back instabilities
may take place. Recently, Rabinovitch (2008) proposed a compari-
son between the cohesive interface approach and the LEFM ap-
proach. The non-linear and coupled mode-I and mode-II
responses of the cohesive interface were modeled using a special
case of the interfacial potential of Xu and Needleman (1994).
Numerical results were obtained for a single shear specimen, an
edge peeling simulation, and a strengthened simply supported
beam. The comparison showed that in the cases studied, and espe-
cially in the simulation of the strengthened beam, the results of the
CZ and LEFM models were in good agreement. However, the com-
parison was carried out for a single set of values of the cohesive
parameters, and different sets could have yielded different conclu-
sions. Moreover, in both the aforementioned references, the CZ
modeling approach could only be implemented numerically, due
to its signiﬁcant complexity. To the best of the authors’ knowledge,
no analytical solution is currently available on CZ modeling of plate
end debonding in plated beams.
This paper presents a simple analytical solution for the interfa-
cial stresses between a beam under bending and a thin plate
bonded to its sofﬁt using the CZ modeling approach. For the sake
of simplicity, in the present study only the interfacial shear stresses
are considered, and the interfacial normal stresses are neglected.
Therefore, the proposed model represents an extension beyond
the linear-elastic range of the early work on plate end interfacial
stresses based on the shear-lag assumption.
Obviously, this modeling approach introduces a simpliﬁcation
of the actual behavior. In reality, the interfacial layer between
the beam and the bonded plate is subjected to a combination of
interfacial shear and normal stresses, and the debonding process
is governed by the combined stress state near the front of the cohe-
sive zone, i.e. at the tip of the debonding crack. Due to the physical
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(mode-I) CZ laws may be coupled. Hence, due to the presence of
the peeling tractions across the cohesive interface, its shear
strength may be reduced. Neglecting the interfacial normal stres-
ses implies that a constant shear strength is assumed. Should the
actual interfacial stress state include signiﬁcant normal stresses,
such a choice would lead to unconservative predictions of the deb-
onding load. In a beam strengthened with a thin sofﬁt plate, the
relative magnitude of the interfacial shear and normal stresses de-
pends upon the ratio of the bending stiffnesses of beam and plate.
If the bending stiffness of the beam that is to be strengthened is
much greater than the stiffness of the strengthening plate, the
bending moment in the plate can be neglected, which implies that
the normal stresses in the bond zone are also negligible (Taljsten,
1997). This assumption is normally valid for RC beams strength-
ened with thin steel or FRP sofﬁt plates. In fact, the pure-shear ap-
proach has been successfully used by Triantaﬁllou and Deskovic
(1991), Karam (1992), Wu et al. (2002), and Cornetti et al. (2007)
among others. Moreover, Rabinovitch (2004) showed that the re-
sults obtained with this approach were very similar to those
yielded by more complex models accounting for both shear and
normal interfacial stresses.
The closed-form solution presented herein provides a useful
and, at the same time, simple tool for understanding the interfacial
behavior along the plate during subsequent stages of loading.
Along with the general formulation of the governing differential
equations for the interfacial shear stresses during various behav-
ioral stages, a complete solution is presented for the case of a sim-
ply supported beam under a midspan point load. A closed-form
expression for the plate end debonding load is also derived, which
can be useful in developing design methods. The analytical model
is also validated by comparison with results of a ﬁnite element
model. Finally, the relationship between predictions of the CZ
and of the LEFM modeling approaches is established.2. Modeling assumptions
2.1. Problem deﬁnition
The following analysis considers a simply supported beam,
loaded with a point load F at midspan (Fig. 1). The beam has rect-
angular cross-section of width bc and depth h. A thin plate of width
bs, thickness t, and length 2l is bonded to the sofﬁt of the beam by
means of a suitable adhesive layer. For simplicity, the thickness of
the adhesive, ta, is not depicted in the ﬁgure. The coordinate x
along the beam axis has its origin at the beginning of the plated re-
gion, see Fig. 1. This is a convenient choice for the analytical
expression of the interfacial stress distributions.
As the analysis focuses on the plate end debonding process, all
the materials involved in the problem are assumed to have a line-
arly elastic behavior and the non-linearity is concentrated at the
interface. The elastic moduli of the beam and plate materials are
respectively denoted as Ec and Es.la
x
l
F
a
h
t
bc
bs
Fig. 1. Simply supported plated beam under a midspan force.2.2. Cohesive zone law
At the plate-beam interface, both shear and normal stresses
arise. For simplicity, this interface can be thought of as a layer of
adhesive having a constitutive behavior under shear and tension
given by cohesive laws of the desired shape. For CZ modeling of
interfaces under mixed-mode conditions, different assumptions
can be adopted, including coupled and uncoupled models
(De Lorenzis and Zavarise, 2008).
In this paper, as a ﬁrst approach to tackle analytical CZ model-
ing of interfacial stresses in plated beams, only shear stresses are
considered. As mentioned in the introduction, such an approach
has been widely used in earlier work and was shown to provide
sufﬁciently accurate results for practical purposes. For the sake of
simplicity, the interfacial shear stresses, s, will be equivalently
indicated as ‘‘’interfacial stresses”; the tangential relative displace-
ments across the interface, d, will be equivalently termed ‘‘’relative
displacements”; the mode-II cohesive law, relating s and d, will
also be indicated simply as ‘‘cohesive law”; and so forth.
The shear cohesive law implemented herein is bilinear (Fig. 2).
Note that this law is assumed antisymmetric for relative displace-
ments of opposite signs, and only the portion of the curve for posi-
tive d is reported. The bilinear shape is able to capture the three
characteristic parameters of the interface, i.e. the fracture energy
(area underneath the curve), the cohesive strength, and the linear
elastic properties (slope of the curve in the ascending branch).
For this reason the bilinear model is often used to model the
interfacial behavior of FRP bonded to quasi-brittle substrates
(Yuan et al., 2004).
The following analytical relationships represent the cohesive
law of Fig. 2
s ¼
sp
dp
d for 0 6 d 6 dp
sp
dudp ðdu  dÞ for dp 6 d 6 du
0 for dP du
8><
>: ð1Þ
where the three branches of the law can respectively be labeled as
elastic, softening, and debonding. In the previous equations, dp and
du are, respectively, the value at peak shear stress and the ultimate
value (at zero shear stress) of the tangential relative displacement.
Moreover, sp is the peak value of the shear stress. The (mode-II)
fracture energy of the interface is thus
Gf ¼ 12 spdu ð2Þ
The above cohesive law requires three independent parameters to
be completely deﬁned. A convenient set of independent parameters
are the maximum shear stress, sp, the slope of the ﬁrst portion of
the curve, K ¼ sp=dp, and the ratio kd ¼ du=dp. The kd ratio ideally
varies between the unity, for a linear – brittle cohesive law, and
inﬁnity, which would correspond to a linear – ideally plastic cohe-
sive behavior. With the above deﬁnitions, Eqs. (1) and (2) can be
rewritten asτ
δ
δu 
τp 
δp 
Fig. 2. Interfacial (shear) cohesive law.
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Kd for 0 6 d 6 spK
K
kd1
kdsp
K  d
 
for spK 6 d 6 kd
sp
K
0 for dP kd
sp
K
8><
>>: ð3Þ
Gf ¼ 12
kds2p
K
ð4Þ3. Analysis of the interfacial shear stresses
This section derives the interfacial stresses at the plate-beam
interface, assuming that only shear stresses arise. Earlier analyses
of this type, considering only the linear-elastic portion of the
s d behavior, are herein extended to the assumption of a bilinear
cohesive interfacial behavior in the tangential direction.
3.1. Governing equations
In this analysis, the interfacial shear stresses are derived assum-
ing that the bending stiffness of the plate is negligible compared to
that of the beam, which is an obvious consequence of the small
plate thickness. This also implies that the interfacial normal stres-
ses can be neglected. Fig. 3 illustrates a differential element of
beam, adhesive, and bonded plate. As a result of the above assump-
tion, the plate is only subjected to an axial force Ns, whereas the
beam is subjected to an axial force, Nc (taken as positive in com-
pression), a shear force, Vc , and a bending moment, Mc . These are
all functions of the coordinate x along the beam axis. Global equi-
librium of forces in the vertical direction ensures that
VcðxÞ ¼ VðxÞ; VðxÞ being the total shear force acting on the cross-
section of the plated beam at the coordinate x. The interfacial shear
stress, sðxÞ, acts at the interfaces between beam and adhesive and
between adhesive and plate, as well as on the adhesive element
which is subjected to pure shear. In this lower-order solution,
the shear stress is assumed to be uniform across the adhesive
thickness.
Based on Fig. 3, the following equilibrium equations can be eas-
ily found
dMcðxÞ
dx
¼ VcðxÞ  sðxÞbs h2 ¼
F
2
 sðxÞbs h2 ð5Þ
dNcðxÞ
dx
¼ sðxÞbs ð6Þ
dNsðxÞ
dx
¼ sðxÞbs ð7Þ
Eqs. (5) and (6), respectively, stem from the equilibrium of mo-
ments and equilibrium of forces in the horizontal direction of the(x)
Mc
Nc
Vc
Mc + dMc
Nc + dNc
Vc + dVc
(x)
(x)
Ns Ns + dNs
(x)
h
ta
t
dx
Fig. 3. Differential element of the plated beam.differential element of the beam. Eq. (5) also considers that, in the
scheme of Fig. 1, the shear force in the beam is constant and equal
to F2 (only half span is considered, due to symmetry). Eq. (7) repre-
sents the equilibrium of forces of the differential element of the
plate in the horizontal direction.
If ec and es denote, respectively, the strains of the bottom ﬁber
of the beam and of the top ﬁber of the plate, the following relation-
ships hold:
ecðxÞ ¼ ducðxÞdx ¼
6McðxÞ
Ecbch
2 
NcðxÞ
Ecbch
ð8Þ
esðxÞ ¼ dusðxÞdx ¼
NsðxÞ
Esbst
ð9Þ
where uc and us are the horizontal components of the displace-
ments of, respectively, the bottom ﬁber of the beam and the top ﬁ-
ber of the plate. Note that the deﬁnitions of uc and us yield also
d ¼ us  uc ð10Þ
Deriving Eqs. (8) and (9), and combining the resulting expressions
with Eqs. (5)–(7), the following equations are obtained
d2ucðxÞ
dx2
¼ 6
Ecbch
2
dMcðxÞ
dx
 1
Ecbch
dNcðxÞ
dx
¼ 6
Ecbch
2
F
2
sðxÞbs h2
 
sðxÞbs
Ecbch
ð11Þ
d2usðxÞ
dx2
¼ 1
Esbst
dNsðxÞ
dx
¼ sðxÞbs
Esbst
ð12Þ3.2. Elastic (E) stage
At small loads, the whole length of the interface is in elastic con-
ditions, and no softening or debonding occur. The interfacial behav-
ior is thus described by the ﬁrst branch of the tangential cohesive
law, i.e. by Eq. (3)a which, using Eq. (10), can also be written as
seðxÞ ¼ K½usðxÞ  ucðxÞ ð13Þ
where the subscript ”e” has been introduced to refer to the elastic
conditions. The ﬁrst and second derivatives of Eq. (13) yield
dseðxÞ
dx
¼ K dusðxÞ
dx
 ducðxÞ
dx
 
ð14Þ
d2seðxÞ
dx2
¼ K d
2usðxÞ
dx2
 d
2ucðxÞ
dx2
" #
ð15Þ
If Eqs. (11) and (12) are substituted into Eq. (15), the following dif-
ferential equation is obtained:
d2seðxÞ
dx2
 k2seðxÞ þ CF ¼ 0 ð16Þ
where
k2 ¼ K 1
Est
þ 4bs
Ecbch
 
ð17Þ
and
C ¼ 3K
Ecbch
2 ð18Þ
The general solution of Eq. (16) and its ﬁrst derivative are given by
seðxÞ ¼ C1 coshðkxÞ þ C2 sinhðkxÞ þ CF
k2
ð19Þ
dseðxÞ
dx
¼ C1k sinhðkxÞ þ C2k coshðkxÞ ð20Þ
Two boundary conditions are needed to determine the constants C1
and C2. The ﬁrst condition, stemming from symmetry, is that the
shear stress has to be zero on the symmetry axis, i.e.
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The second one is easily found considering that, for x ¼ 0, it is
Ns ¼ Nc ¼ 0, and Mc ¼ Fa=2; a being the distance between the sup-
port and the termination of the plate (Fig. 1). Therefore, Eqs. (14),
(8) and (9) yield
dse
dx
ð0Þ ¼ CFa ð22Þ
Eqs. (21) and (22) yield the following values for the constants C1
and C2:
C1 ¼ CF ak tanhðklÞ  1k2 coshðklÞ
h i
C2 ¼  ak CF
ð23Þ
The consequent expression of the interfacial shear stress is
seðxÞ ¼ CF ak tanhðklÞ 
1
k2 coshðklÞ
" #
coshðkxÞ  a
k
sinhðkxÞ þ 1
k2
( )
ð24Þ
and it is shown in Fig. 4a. Eq. (24) was ﬁrst presented by Taljsten
(1994). In cases where kl > 10, it can be assumed that
tanhðklÞ  1 and coshðklÞ ! 1, hence the previous equation can
be simpliﬁed as follows:
seðxÞ  CF ake
kx þ 1
k2
ð25Þ
However, Eq. (25) should only be used close to the termination of
the plate, as the error introduced by the simpliﬁcation increases to-
wards the midspan of the beam (where x becomes comparable to l).
The maximum shear stress given by Eq. (25) is reached at the termi-
nation of the plate (i.e. for x ¼ 0), and has the following expression:
se;max ¼ CF akþ 1
k2
ð26Þ
The interface is at the elastic stage until se;max 6 sp, i.e. until the ap-
plied force, F, reaches the value
Fp ¼ 1C
k2
akþ 1 sp ð27Þ
For F ¼ Fp, at the termination of the plate it is seð0Þ ¼ se;max ¼ sp and
dð0Þ ¼ dmax ¼ dp (see also Fig. 4b).Fig. 4. Interfacial shear stress distribution: (a) E stage; (b) end of E stage; (c) E-S
stage; (d) end of E-S stage; (e) E-S-D stage and (f) advanced E-S-D stage.3.3. Elastic-softening (E-S) stage
Once the interfacial shear stress reaches sp at x ¼ 0 (Fig. 4b),
softening starts taking place at the termination of the plate. As
loading progresses, an increasingly long portion of the interface
closest to the termination of the plate enters the softening phase,
while the rest remains in elastic conditions (Fig. 4c). At the begin-
ning of this phase, the load increases as the length of the softening
zone, x, increases. The maximum load Fmax is attained during this
stage for a length xmax of the softening zone. For longer lengths,
the load starts decreasing.
In the softening zone, i.e. for 0 6 x 6 x, the interfacial behavior
is described by the second branch of the tangential cohesive law.
The analytical expression is given by Eq. (3)b which can also be
written as follows
ssðxÞ ¼ Kkd  1
kdsp
K
 usðxÞ þ ucðxÞ
 
ð28Þ
where the subscript ‘‘s” has been introduced to refer to the soften-
ing conditions. The ﬁrst and second derivatives of Eq. (28) yielddssðxÞ
dx
¼ K
kd  1 
dusðxÞ
dx
þ ducðxÞ
dx
 
ð29Þ
d2ssðxÞ
dx2
¼ K
kd  1 
d2usðxÞ
dx2
þ d
2ucðxÞ
dx2
" #
ð30Þ
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ential equation governing the E-S stage is obtained
d2ssðxÞ
dx2
þ k
2
ðkd  1Þ ssðxÞ 
CF
ðkd  1Þ ¼ 0 ð31Þ
With the position
k22 ¼
k2
ðkd  1Þ ð32Þ
the following differential equation results:
d2ssðxÞ
dx2
þ k22ssðxÞ 
k22CF
k2
¼ 0 ð33Þ
The general solution of Eq. (33) and its ﬁrst derivative are given by
ssðxÞ ¼ C3 cosðk2xÞ þ C4 sinðk2xÞ þ CF
k2
ð34Þ
dssðxÞ
dx
¼ C3k2 sinðk2xÞ þ C4k2 cosðk2xÞ ð35Þ
As mentioned earlier, Eqs. (34) and (35) are valid for 0 6 x 6 x. In
the elastic zone, i.e. for x 6 x 6 l, Eqs. (19) and (20) continue to hold.
In summary, the interfacial stresses at the E-S stage are given by
ssðxÞ ¼ C3 cosðk2xÞ þ C4 sinðk2xÞ þ CF
k2
0 6 x 6 x ð36Þ
seðxÞ ¼ C5 coshðkxÞ þ C6 sinhðkxÞ þ CF
k2
x 6 x 6 l ð37Þ
The constants in Eq. (37) have been renamed with respect to Eq.
(19), as they are different from those determined at the E stage.
Hence, it is also
dseðxÞ
dx
¼ C5k sinhðkxÞ þ C6k coshðkxÞ ð38Þ
In this case, four boundary conditions have to be imposed to deter-
mine the unknown constants C3; C4; C5, and C6. The ﬁrst one, stem-
ming from symmetry, is still given by Eq. (21). The second one of
the previous case still holds, i.e., for x ¼ 0, it is Ns ¼ Nc ¼ 0, and
Mc ¼ Fa=2. Therefore, in this case Eqs. (29), (8) and (9) yield
dss
dx
ð0Þ ¼ CF aðkd  1Þ ð39Þ
The remaining two boundary conditions are found imposing the
continuity of the shear stresses at the point of transition between
elastic and softening regions
seðxÞ ¼ ssðxÞ ð40Þ
and the attainment of the peak shear stress at the same point
seðxÞ ¼ sp ð41Þ
Eqs. 21 and (39)–(41) give the following values for the constants:
C3 ¼ 1cosðk2xÞ sp  CFk2 ½1þ k2a sinðk2xÞ
n o
C4 ¼ CF ak2ðkd1Þ
C5 ¼ 1sinh½kðlxÞ sinhðklÞsp þ CFk2 ½sinhðkxÞ  sinhðklÞ
n o
C6 ¼  1sinh½kðlxÞ coshðklÞsp þ CFk2 ½coshðkxÞ  coshðklÞ
n o
ð42Þ
Note that the above expressions contain the unknown parameter x,
hence one more condition is needed for its determination. To ﬁnd it,
we start from the derivative of the elastic stresses Eq. (14), and
combine it with Eqs. (8) and (9). This yields, for x ¼ x
dse
dx
ðxÞ ¼ K NsðxÞ
Esbst
 6McðxÞ
Ecbch
2 þ
NcðxÞ
Ecbch
" #
ð43ÞMoreover, the derivative of the softening stresses given by Eq. (29),
when combined with Eqs. (8) and (9), gives at x ¼ x
dss
dx
ðxÞ ¼ K
kd  1 
NsðxÞ
Esbst
þ 6McðxÞ
Ecbch
2 
NcðxÞ
Ecbch
" #
ð44Þ
For x ¼ x; Ns; Nc and Mc are continuous. Therefore, the comparison
of Eqs. (43) and (44) yields immediately
dss
dx
ðxÞ ¼  1ðkd  1Þ
dse
dx
ðxÞ ð45Þ
The terms dssdx ðxÞ and dsedx ðxÞ of the above equation can be replaced
with their expressions obtained from Eqs. (35) and (38) computed
at x ¼ x . By substituting in the resulting expressions the values of
the constants given by Eq. (42), and also recalling Eq. (32), the fol-
lowing implicit expression is obtained for x:
F ¼ spk
2
C
f1ðxÞ ð46Þ
where
f1ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p
tanðk2xÞ þ coth½kðl xÞ
 
=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p sinðk2xÞ þ k2a
cosðk2xÞ þ
cosh½kðl xÞ  1
sinh½kðl xÞ
 
ð47Þ
Eq. (46) provides the relationship between x and F at the E-S stage.
Once again, some simpliﬁcations can be introduced. In cases
where kðl xÞ > 10 (which are common for steel and FRP plates
bonded to concrete beams), Eqs. (42)c and (42)d can be simpliﬁed
as
C5  ekx sp  CF
k2
 
ð48Þ
C6  ekx sp  CF
k2
 
ð49Þ
Moreover, a simpliﬁed expression for f1ðxÞ can be found as follows:
f1ðxÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p
tanðk2xÞ þ 1
 . ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p sinðk2xÞ þ k2a
cosðk2xÞ þ 1
 
ð50Þ
The interface is at the E-S stage until ssð0Þ > 0 (Fig. 4c). This stage
ends when
ssð0Þ ¼ 0 ð51Þ
The corresponding state is depicted in Fig. 4d. In order to compute
the value of x at the end of this stage, xD, the above equation can be
combined with Eq. (36), which gives
ssð0Þ ¼ C3 þ CF
k2
ð52Þ
Then, by using Eq. (42)a, the following result is obtained:
F ¼ spk
2
C
f2ðxDÞ ð53Þ
where
f2ðxDÞ ¼ 11þ k2a sinðk2xDÞ  cosðk2xDÞ ð54Þ
The comparison of Eqs. (53) and (46) yields
f1ðxDÞ ¼ f2ðxDÞ ð55Þ
where f1 and f2 are respectively given by Eq. (47) (or Eq. (50)) and
Eq. (54). By solving Eq. (55), the value of xD can be found.
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Once the interfacial shear stress reaches zero at x ¼ 0 (Fig. 4d),
debonding starts at the termination of the plate. As loading pro-
gresses, an increasingly long portion of the interface closest to
the termination of the plate enters the debonding phase, while
the rest remains partially in softening and partially in elastic con-
ditions (Fig. 4e).
Let x^ be the length of the debonded region. In the debonding
zone, i.e. for 0 6 x 6 x^, the shear stress is identically zero for
any value of d; d P du, i.e.
sdðxÞ ¼ 0 0 6 x 6 x^ ð56Þ
where the subscript ”d” has been introduced to refer to the debond-
ing conditions. For a length x^ of the debonded region, the effective
half-length of the bonded plate becomes (Fig. 4e)
l0 ¼ l x^ ð57Þ
and the effective distance from the support to the termination of
the bonded plate is
a0 ¼ aþ x^ ð58Þ
Let us now introduce a new coordinate x0, starting at the end of the
debonded region
x0 ¼ x x^ ð59Þ
and the new variable
x0 ¼ x x^ ð60Þ
which corresponds to the length of the softening zone. By using the
above quantities, all the equations previously derived for the E-S
stage can be rewritten for the bonded portion of the plate at the
E-S-D stage by means of simple substitutions. More in detail, Eqs.
(36)–(47) can all be rewritten by substituting x; l; a and x respec-
tively with x0; l0; a0 and x0. In particular, Eq. (46), with the aforemen-
tioned substitutions, becomes
F ¼ spk
2
C
f 01ðx0Þ ð61Þ
where
f 01ðx0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p
tan k2x0ð Þ þ coth½kðl0  x0Þ
 .
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p sin k2x0ð Þ þ k2a0
cos k2x0ð Þ þ
cosh kðl0  x0Þ	 
 1
sinh½kðl0  x0Þ
 !
ð62Þ
The above equation provides the relationship between x0 and F at
the E-S-D stage.
What is still needed is a relationship to compute x0 for each gi-
ven value of x^. Such relationship is easily found by imposing the
continuity of the shear stresses for x ¼ x^, i.e. for x0 ¼ 0
ssðx0 ¼ 0Þ ¼ 0 ð63Þ
By using Eqs. (36) and (42)a, always with the aforementioned sub-
stitutions, the following equation is obtained:
F ¼ spk
2
C
f 02ðx0Þ ð64Þ
where
f 02ðx0Þ ¼
1
1þ k2a0 sinðk2x0Þ  cosðk2x0Þ ð65Þ
The comparison of Eqs. (64) and (61) yields
f 01ðx0Þ ¼ f 02ðx0Þ ð66Þwhere f 01ðx0Þ and f 02ðx0Þ are given by Eqs. (62) and (65). By solving Eq.
(66), the value of x0 corresponding to a given value of x^ can be found.
4. Analysis of the interfacial behavior and computation of the
debonding load
The progressive conﬁguration of the interfacial stresses can be
easily followed using the relationships derived earlier. The main
steps are outlined herein:
1. During the E stage, the interfacial stresses are given by Eq. (24)
along the entire length of the bonded plate. Such stresses are
directly proportional to the applied load. Hence, during this
stage, the behavior of the interface can be followed by gradually
increasing the value of F. This stage ends when the applied load
reaches the value Fp, given by Eq. (27).
2. During the E-S stage, the behavior of the interface can be fol-
lowed by gradually increasing the length of the softening
region, x. At the beginning of this stage, it is obviously x ¼ 0.
For each value of x, the corresponding value of the applied force
can be computed from Eq. (46). Then, constants C3 to C6 can be
found using Eq. (42), and the interfacial stress distribution is
ﬁnally obtained from Eqs. (36) and (37). This stage ends when
the length of the softening region reaches the value xD, which
satisﬁes Eq. (55).
3. During the E-S-D stage, the controlling parameter becomes the
length of the debonded region, x^. At the beginning of this stage,
it is obviously x^ ¼ 0. For each value of x^, the corresponding
value of the length of the softening region, x0, can be computed
from Eq. (66). Then, the applied force can be obtained from Eq.
(61). Constants C03 to C
0
6 can still be found using Eq. (42), where
l; a and x are substituted respectively by l0; a0 and x0. With the
same substitutions, and with the additional one of x’ in place
of x, the interfacial stress distribution is ﬁnally obtained from
Eqs. (36) and (37), while Eq. (56) holds in the debonded region.
Note that, unlike in the case of a bonded joint under pure mode-
II loading (Yuan et al., 2004), the E-S-D stage does not evolve
into a softening-debonding (S-D) stage. In fact, the latter would
violate the zero shear stress condition at midspan. Instead, the
E-S-D stage progresses with a gradual increase in the length of
the debonded region, and with a corresponding decrease in the
lengths of both the softening and the elastic regions (Fig. 4f).
This stage ends in the limit condition of x^ ¼ x ¼ l, for which
the entire length of the plate has debonded from the substrate
and the beam returns unplated.
The maximum value of the applied force, Fmax (i.e. the debond-
ing load) is reached during the E-S stage. It can be computed by
maximizing F with respect to x from Eq. (46), i.e. by maximizing
f1ðxÞ with respect to x from Eq. (47) (exact formulation) or (50)
(approximate formulation).
In cases where the approximate formulation can be used, Eq.
(50) yields
xmax ¼ 1k2 arctan
k2ðkd  1Þ
k
 
¼ 1
k2
arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p 
ð67Þ
where Eq. (32) has also been used for k2. The expression of f1ðxmaxÞ
can be derived from Eq. (50) in closed form. In fact, using well-
known trigonometric identities, Eq. (67) yields
tanðk2xmaxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
p
ð68Þ
From the above equation it is also
cosðk2xmaxÞ ¼ 1ﬃﬃﬃﬃ
kd
p sinðk2xmaxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kd  1
kd
s
ð69Þ
Table 1
Parameters chosen for the numerical example.
Geometry parameters
l (mm) a (mm) h (mm) t (mm) bc (mm) bs (mm)
1500 300 300 4 1 1
Material and CZ parameters
Ec (GPa) Es (GPa) sp (MPa) dp (mm) du (mm) Gf (N/mm)
30 200 4 0.05 0.25 0.5
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f1ðxmaxÞ ¼
ﬃﬃﬃﬃﬃ
kd
p
ﬃﬃﬃﬃ
kd
p
þ ka
ð70Þ
The debonding load stemming from the approximate formulation is
then given by Eq. (46)
Fmax ¼ spk
2
C
f1ðxmaxÞ ¼ spk
2
C
ﬃﬃﬃﬃﬃ
kd
p
ﬃﬃﬃﬃﬃ
kd
p
þ ka
ð71Þ
Recalling Eqs. (17) and (18), the following expression also holds:
Fmax ¼ Ecbch
2
3
1
Est
þ 4bs
Ecbch
 
sp
ﬃﬃﬃﬃ
kd
p
ﬃﬃﬃﬃ
kd
p
þ ka
ð72Þ
which gives the plate end debonding load as a function of material,
geometry and cohesive law parameters.
5. Comparison with numerical results
The analytical results obtained in the previous sections have
been veriﬁed against the predictions of a numerical ﬁnite element
model based on similar assumptions. In this model, the CZ law for
the interface has been implemented into a zero-thickness contact
element based on the node-to-segment strategy as employed in
Wriggers et al. (1998), and generalized to handle cohesive forces
in the tangential directions. In the normal direction, the penalty
method is used to approximately enforce both the non-penetration
condition under compression and the perfect bonding condition
under tension. Note that this approach for modeling of the inter-
face requires the monitoring of the current conﬁguration of the ﬁ-
nite element mesh. Each element contribution for the cohesive and
contact forces is suitably added to the global virtual work equation
as
dWc ¼ FNdgN þ FTdgT ð73Þ
where dWc is the virtual variation of the contact contribution to the
potential functional, FN and FT denote, respectively, the normal and
tangential contact force, and gN and gT denote, respectively, the nor-
mal and tangential gap measured between each slave node and the
corresponding master segment. In this context the meaning of gT is
the same of d in Eq. (1). The geometry of the problem is depicted in
Fig. 5. Due to symmetry, only half of the beam has been modeled.
The plate is discretized with two-dimensional linearly-elastic beam
elements, whereas the substrate is modeled with 4-nodes isopara-
metric plane stress elastic elements. The test is conducted in dis-
placement-control mode. The non-linear problem is solved with a
full Newton–Raphson procedure. The global tangent stiffness
matrix is properly obtained with a consistent linearization of all
the contributions given by Eq. (73). Such linearization yields
(Zavarise, 1991, Paggi, 2005)
DdWc ¼ @FN
@gN
DgN þ
@FN
@gT
DgT
 
dgN
þ @FT
@gN
DgN þ
@FT
@gT
DgT
 
dgT þ FNDdgN þ FTDdgT ð74ÞF/2
Fig. 5. Mesh used in the numerical model.where the symbols d and D denote, respectively, virtual variation
and linearization. The geometrical parameters dgN; dgT (with their
corresponding ones DgN;DgT ), and DdgN;DdgT are easily determined
based on the contact element geometry (Zavarise, 1991, Paggi,
2005). The partial derivatives of the normal and tangential forces
with respect to both normal and tangential relative displacements
depend on the cohesive law parameters. Due to the assumptions
used in this study, it is (see also Fig. 2)@FN
@gN
¼ eNA ð75Þ
@FT
@gT
¼
sp
dp
A for jgT j 6 dp
 spdudp A for dp 6 jgT j 6 du
(
ð76Þ
@FN
@gT
¼ @FT
@gN
¼ 0 ð77Þwhere eN is the penalty parameter in the normal direction, and A is
the contact area associated to each contact element. The discretiza-
tion is reﬁned appropriately to yield mesh-independent results. The
model is implemented in the ﬁnite element code FEAP (courtesy of
Prof. Taylor).
The numerical values of geometry, material and cohesive
parameters used for the numerical example presented as follows
are all reported in Table 1. The choice of bc ¼ bs ¼ 1 mm is made
to compute quantities per unit width of the beam, assuming that
beam and plate have equal width. Figs. 6 and 7 illustrate the inter-
facial stress distributions given by the analytical and numerical
models during the E and the E-S stages, respectively. A good agree-
ment is observed between predictions of both models. Fig. 8 illus-
trates the same comparison for an applied load equal to Fmax, i.e. at
incipient debonding failure of the beam. The values of Fmax given by
the analytical model (Eq. (72)) and by the numerical model are
respectively equal to 2.38 kN and 2.23 kN, with a difference of
about 6%. Also in this case, a good agreement is found between
the two distributions.Fig. 6. Comparison between analytical and numerical results – E stage
ðF ¼ 1:04 kNÞ.
Fig. 7. Comparison between analytical and numerical results – E-S stage
ðF ¼ 2:08 kNÞ.
Fig. 8. Comparison between analytical and numerical results – peak load.
Fig. 9. Interfacial stress distributions for different values of sp at F ¼ 2:2 kN
(constant kd and Gf ).
Fig. 10. Interfacial stress distributions for different values of sp at F ¼ Fmax
(constant kd and Gf ).
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This section aims at comparing the estimates of the plate end
debonding load given by the CZ and LEFM modeling approaches.
A thorough comparison between CZ modeling and LEFM in plated
beams was presented by Rabinovitch (2008). However, the com-
parison proposed herein differs from the former in at least two re-
spects: (i) both the CZ and the LEFM models referred to in the
following are signiﬁcantly simpler than those adopted by Rabinov-
itch (2008), to the extent that they both yield closed-form solu-
tions for the plate end debonding load; (ii) the comparison made
by Rabinovitch (2008) focuses on a single set of CZ parameters.
The present comparison, as shown in the following, aims at clarify-
ing the effect of varying CZ parameters on the relationship be-
tween CZ and LEFM predictions.
Let us analyze what happens when the peak shear stress, sp,
increases but the fracture energy, Gf , and the kd ¼ du=dp ratio are
kept constant. As sp increases, du has to decrease proportionally
to keep Gf constant (Eq. (2)). For kd to remain constant, also dp
has to decrease proportionally. As a result, the stiffness K of
the CZ law in the pre-peak branch has to increase, hence both
k and k2 increase according to Eqs. (17) and (32). This implies
that, for a given value of the applied load, a more localized inter-
facial stress concentration is obtained close to the plate end. This
applies to all stages of behavior of the interface. Some sample
distributions are shown in Fig. 9 for one value of the applied
force within the E-S range.Eqs. (67) and (72) can be used to analyze the variation of xmax
and Fmax corresponding to the above variation of the CZ parame-
ters. It should be recalled that the aforementioned equations hold
when kðl xÞ > 10 or, in particular for the analysis to be conducted
henceforth, when kðl xmaxÞ > 10. As sp increases, xmax decreases,
hence a narrower softening region and, in general, a more localized
interfacial stress concentration with a larger peak corresponding to
sp is obtained (Fig. 10). This also implies that the condition
kðl xmaxÞ > 10 becomes more and more largely satisﬁed. Fig. 11
shows that the debonding load Fmax increases with increasing sp.
It is interesting to analyze what happens when sp approaches
inﬁnity, while still keeping Gf and kd constant. For the above con-
siderations, in this case K and k tend to inﬁnity as well. Eq. (72),
through some simple manipulations, can be used to compute the
limit value of the debonding load as follows:
Fmax1;CZM  Ecbch
2
3
1
Est
þ 4bs
Ecbch
 
sp
ﬃﬃﬃﬃﬃ
kd
p
ka
¼ Ecbch
2
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
Est
þ 4bs
Ecbch
 
2Gf
a2
s
ð78Þ
where the ﬁrst asymptotic equality accounts for k tending to inﬁn-
ity, and the second equality follows from Eqs. (17) and (4). The
above expression can be rewritten as
Fmax1;CZM ¼ fgeo;CZM
ﬃﬃﬃﬃﬃ
Gf
a2
r
ð79Þ
where
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Fig. 11. Debonding load as a function of sp (constant kd and Gf ).
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2
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
1
Est
þ 4bs
Ecbch
 s
ð80Þ
is a function of the beam geometry and material parameters. In this
limit case xmax would tend to zero, giving a vanishing length of the
softening region corresponding to an inﬁnite peak of the shear
stress. This condition would thus reproduce the shear stress singu-
larity at the crack tip predicted by mode-II LEFM.
The LEFMmodel referred to in the following is that proposed by
De Lorenzis et al. (in press). This model yields a simple expression
of the plate end debonding load
Fmax;LEFM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8bsGf
a2 1EIu  1EIs
 
vuut ð81Þ
where Gf is the critical energy release rate, or fracture energy of the
interface, and EIu and EIs are the bending stiffnesses of the unplated
and plated cross-sections, respectively. The above expression can be
rewritten as
Fmax;LEFM ¼ fgeo;LEFM
ﬃﬃﬃﬃﬃ
Gf
a2
r
ð82Þ
where
fgeo;LEFM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8bs
1
EIu
 1EIs
 
vuut ð83Þ
is a function of the beam geometry and material parameters. Com-
paring Eqs. (79) and (82), it is evident that the debonding load given
by LEFM and that given by the CZ model in the limit case of inﬁnite
sp but ﬁnite Gf show a similar form, with the same dependence on
Gf and a. Their numerical values, as shown by the horizontal lines in
Fig. 11, are also very close (for the numerical values in Table 1, the
difference is about 1%). This demonstrates the asymptotic conver-
gence of CZ modeling results to LEFM results.
Finally, it is interesting to evaluate how LEFM predictions can be
related to CZ modeling predictions in a general case. Already De
Lorenzis et al. (in press) suggested that CZ modeling results could
be reproduced by using a ﬁctitious crack length, incorporating the
length of the fracture process zone estimated from the interfacial
stress distribution. This approach is analogous to the well-known
effective crack approach used to account for small scale yielding
in LEFM. Fig. 11 shows the debonding load given by the following
equation:Fmax;LEFMeff ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8bsGf
ðaþ xmaxÞ2 1EIu  1EIs
 
vuut ð84Þ
derived from Eq. (81) by substituting a with ðaþ xmaxÞ. This corre-
sponds to adopting a ﬁctitious extension of the crack length equal
to the length of the softening region in the interfacial stress distri-
bution. It is evident that the above equation results in predictions
which are virtually coincident with those of Eq. (72).7. Conclusions
This paper presents a new analytical model for the determina-
tion of the interfacial shear stresses between a beam under bend-
ing and a thin plate bonded to its sofﬁt. This closed-form solution
provides a useful but simple tool for understanding the interfacial
behavior and for exploitation in developing design methods. Along
with the general formulation of the governing differential equa-
tions for the interfacial shear stresses, a complete solution was pre-
sented for the case of a simply supported beam under a midspan
point load. This solution can be considered as an extension beyond
the linear-elastic range of the interfacial stress analyses presented
by previous authors. This extension represents a key step forward
in the treatment of the problem, and yet it maintains a level of sim-
plicity which is very similar to that of the original, linear formula-
tion. A closed-form expression for the plate end debonding load
was also derived. Results of the analytical model were shown to
be in good agreement with predictions of a ﬁnite element model,
employing a contact element based on the node-to-segment strat-
egy and incorporating decohesion and contact within a uniﬁed
framework. Finally, a comparison between predictions of the CZ
and of the LEFM modeling approaches was carried out. This com-
parison indicated an asymptotic convergence of CZ modeling re-
sults to LEFM results when the elastic stiffness and the peak
stress of the cohesive zone model tend to inﬁnity, keeping a con-
stant ﬁnite fracture energy of the interface. Finally, it was shown
that LEFM predictions can be closely matched to CZ results in a
general case by adopting a ﬁctitious extension of the crack length
equal to the size of the softening region of the interfacial stresses.
Further developments may well consider the use of more com-
plex approaches, considering also the interfacial normal stresses
and the possible coupling between tangential and normal laws.
Different CZ models incorporating shear and normal effects are
available in the literature. However, for the main application under
consideration in this paper, i.e. FRP bonded to concrete, there is
currently no experimental or theoretical basis for the adoption of
any given coupled CZ law. The models proposed thus far have been
developed for very different material systems and scales of obser-
vation, such as for the study of ﬁber-matrix bond in metal-matrix
and ceramic-matrix composites (Tvergaard and Hutchinson, 1992,
Xu and Needleman, 1994). Therefore they are not necessarily suit-
able for use in different contexts. The investigation of coupled nor-
mal-shear effects will be addressed by the authors in forthcoming
research.References
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